Application of statistical mechanics to the analysis of a generalization of the LotkaVolterra model is considered. The method of the statistical analysis proposed by Kerner for the investigation of Hamiltonian systems of Volterra type is used for this purpose. The proposed generalization of the Lotka-Volterra model involves four additional factorspredator satiety, competition between predators for prey, self-restraint of prey, and nonlinear dependence of the death rate of predators on their population. These factors are chosen so as to ensure that the resultant system is Hamiltonian. The conclusion is that the basic principles of statistical mechanics can be used to analyze the proposed generalization of the Lotka-Volterra model. The statistical sum determining the main statistical properties of the generalization is calculated. It is represented in terms of special functions (Euler's beta functions).
Introduction
We investigate the possibility of applying the methods of statistical mechanics to a generalization of the Lotka-Volterra system, which is used as the initial model. it takes into account four additional factors that make it possible to get a more realistic understanding of the interaction of two species. The mathematical form of these four factors is chosen such that the system of equations remains Hamiltonian [2, 12] . This allows us to apply the statistical mechanics techniques to the system under examination in the form that was applied by Kerner to the Lotka-Volterra system. The use of statistical mechanics techniques is promising because it allows one to take into account habitat random factors. The main assumption of this paper is as follows. We apply statistical mechanics techniques to the system of equations under examination. For this system, we calculate the statistical sum. Since this sum represented in terms of the original dynamic variables resists integration, we make the change of variables similarly to how this was done by Kerner. We assume that the resultant expression for the statistical sum can represented in terms of special functions. This assumption is verified by direct integration of the expression for the statistical sum. The results of the verification are presented in Section 3. The paper is organized as follows. First, a brief overview of Kerner's application of statistical mechanics techniques to the investigation of the Lotka-Volterra system is given in Section 2. In Section 3, these techniques are used to investigate the Lotka-Volterra system with four additional factors including predator satiety, competition of predators for prey, self-restraint of prey, and nonlinear dependence of the predator death rate on their population. In Section 4, the results are discussed. It is established that the statistical mechanics techniques are basically applicable to the initial system of equations. The main difficulty in the application of these methods was that the statistical sum represented in terms of the initial dynamic variables resists integration. This problem was solved by a change of variables similar to that used by Kerner for the classical Lotka-Volterra system. It was found that the statistical sum for the initial model can be represented in terms of Euler's beta functions. These results allow for the quantitative consideration of the influence of habitat random factors on the biological systems described by the Lotka-Volterra model with four additional factors. Before proceeding to the main part of the study, we briefly consider in Section 2 the technique used by Kerner for calculating the statistical sum for the LotkaVolterra system. This allows for more clear understanding of the study and for comparing results.
A Brief Presentation of Kerner's Method of Calculating the Statistical Sum for the Lotka-Volterra System
The Lotka-Volterra model was developed to describe the dynamics of two species-predator and prey. In the general case, it can be reduced to the form
Here, x is the prey population and y is the predator population. These equations are similar to the equations of classical mechanics. Volterra was the first to notice this fact. In classical mechanics, the variables can take both positive and negative values. In the Lotka-Volterra system, only positive values are physically meaningful. To achieve the complete analogy with the equations of classical mechanics, we follow Kerner and make the change of variables x q ln = , y p ln = to reduce the Lotka-Volterra system to the form. 
Here, x is the generalized coordinate and p is the generalized momentum. Then, the total statistical sum is
Result (2.15) corresponds to that obtained by Kerner for Volterra systems-it makes it possible to calculate the statistical sum in terms of gamma functions accurate to factors consisting of elementary functions. Next, we proceed to the study of the generalization of the Lotka-Volterra system for two species-predator and prey-with four additional factors (predator satiety, competition of predators for prey, self-restraint of prey, and nonlinear dependence of the death rate of predators on their population).
and nonlinear dependence of the death rate of predators on their population). We will be able to calculate the statistical sum for it if the system is Hamiltonian. To satisfy this condition, a special form of the model must be found. Consider the general form of the model for which a Hamiltonian can be constructed. We use the generalization of the Lotka-Volterra system in the form
We assume that 0 , , ,
. Here, the interaction between the predator and the prey is described by the product ) (
. The factor ) (x f accounts for the predator satiety, and the factor ) ( y f accounts for the competition between predators for prey. The growth of the population of prey with regard to selfrestraint is represented by the function ) ( 
In terms of these variables, Eqs. (3.1), (3.2) take the form
To calculate the Hamiltonian, consider the integrals
Then, the Hamiltonian H in terms of the variables F and G is
Analysis of Lotka-Volterra system
Having the general expression for the Hamiltonian (3.9), we can construct the Hamiltonian for specific cases. Let us try a specific form of the function f as
Then, Eqs. (3.1) and (3.2) take the form The integral I has the similar form
Upon these calculations, the Hamiltonian for this particular case takes the form
Using this Hamiltonian, we can calculate the statistical sum for the specific generalization of the Lotka-Volterra system; it is written as To calculate the typical factor 1 Z , define the variable Ultimately, the statistical sum is written as
Thus, we managed to adjust the analytical expressions for the four additional factors so as to express the statistical sum in terms of Euler's beta functions.
Using the statistical sum, we can calculate some other characteristics of the system, such as the free energy ψ , internal energy H , heat capacity С , and entropy . S The free energy is
The internal energy is determined by the formula
The heat capacity can be written as
The entropy has the form
However, Alekseev showed in [1] that not all the tenets of statistical mechanics hold for Volterra systems. It was found that the Volterra systems studied by Kerner are not ergodic. Nevertheless, some ergodic properties hold for these systems. In particular, the ensemble average of the species population x coincides with the time average of x. A similar property was established for the system examined in this paper. For this system, the ensemble average of conclude that the system with four additional factors, as well as Volterra systems, has some ergodic properties. In this paper, we were able to apply statistical mechanics techniques to the system under examination. This makes it possible to study new facets and properties of biological models.
Discussion
The analysis of the generalized Lotka-Volterra model with four additional factors showed that it can be examined using statistical mechanics techniques. The statistical sum, which is the main instrument in statistical mechanics, is calculated. The success in the calculation of the statistical sum is due to the fact that the four additional factors were adjusted such that the system is Hamiltonian and its Hamiltonian has a convenient form. The system does not merely qualitatively describe the biological model but makes it possible to perform exact calculations. For that purpose, the most appropriate qualitative model was chosen among a number of similar models. This allowed us to reach mathematical clearness. Unfortunately, it proved impossible to represent the result in terms of elementary functions due to the complexity of biological models. However, the representation of the result in terms of special functions can be considered as a success. As a result, the statistical sum is represented in terms of Euler's beta functions even though the calculations are fairly complicated.
The system of equations considered in this paper, as well as Volterra systems, is not ergodic. Ergodicity is important for the successful applications of statistical mechanics techniques. For the system under consideration, the ergodicity holds for the quantities Similarly, in the case of Volterra systems, the ergodic property holds for the population of prey x and the population of predators y. This is sufficient for the application of statistical mechanics techniques to Volterra systems proposed by Kerner. Thus, we conclude that the statistical mechanics techniques can be applied to the system with partial ergodicity examined in this paper. A more complicated expression for determining the physical meaning of the temperature θ than that used by Kerner for Volterra systems is proposed. This is due to the more complicated form of the Hamiltonian. However, a quite manageable formula is obtained for the temperature θ .
Conclusions
Calculation of the statistical sum for the generalization of the Lotka-Volterra model with four additional factors opens a new way for the theoretical investigation of the Lotka-Volterra model and its generalizations. This makes it possible to evaluate such quantities as free energy, internal energy, entropy, etc. Such an investigation opens a new view on the biological model. The statistical description reveals new facets of the system behavior. A proper selection of the functions describing satiety and competition of predators, self-restraint of prey, and nonlinear death rate of predators made it possible to obtain the results in an analytical form. The main result of the paper is that the trial-and-error approach allowed us to find, in the generalization of the Lotka-Volterra model, nontrivial functions describing the satiety and competition of predators, self-restraint of prey, and nonlinear death rate of predators. As a result, the statistical sum was represented in terms of special functions, more precisely, in term of Euler's beta functions.
